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Abstract
In the first part of our paper, we show that there exist non-isomorphic
derived equivalent genus 1 curves, and correspondingly there exist non-
isomorphic moduli spaces of stable vector bundles on genus 1 curves in
general. Neither occurs over an algebraically closed field. We give neces-
sary and sufficient conditions for two genus 1 curves to be derived equiva-
lent, andwe go on to studywhen two principal homogeneous spaces for an
abelian variety have equivalent derived categories. We apply our results to
study twisted derived equivalences of the form Db(J, α) ≃ Db(J, β), when
J is an elliptic fibration, giving a partial answer to a question of Ca˘lda˘raru.
Key Words. Derived equivalence, genus 1 curves, elliptic 3-folds, and
Brauer groups.
Mathematics SubjectClassification 2010. Primary: 14F05, 18E30. Sec-
ondary: 14D20, 14F22.
1 Introduction
Two smooth projective varieties X and Y over a field k are derived equivalent
if there is a k-linear triangulated equivalence Db(X) ≃ Db(Y). The first ex-
ample of this phenomenon was discovered by Mukai [17], who showed that
Db(A) ≃ Db(Aˆ) for any abelian variety A, where Aˆ denotes the dual abelian
variety. Finding non-isomorphic derived equivalent varieties has since become
a central problem in algebraic geometry, closely bound up with homological
mirror symmetry and the study of moduli spaces of vector bundles. For an
overview, see the book [14] of Huybrechts.
∗Benjamin Antieau was supported by NSF Grant DMS-1358832.
†Daniel Krashen was supported by NSF Grant DMS-1151252.
1
1 INTRODUCTION 2
Letting P denote the Poincare´ line bundle on A ×k Aˆ, and denoting by p
and q the projections from the product to A and Aˆ, respectively, Mukai’s equiv-
alence is the functor ΦP : D
b(A)→ Db(Aˆ), where, for a complex F ∈ Db(A),
ΦP(F) = Rp∗(q
∗F⊗L P).
Orlov [18] showed that any equivalence Db(X) ≃ Db(Y) is of the form ΦP for
some complex P ∈ Db(X×k Y)when X and Y are smooth projective k-varieties.
We will refer to these as Fourier-Mukai equivalences and to P as the kernel.
As a consequence of the existence of kernels, derived equivalent varieties
have the same dimension, the same K-theory spectrum, the same Hochschild
homology spectrum, and, by Popa and Schnell [21], closely related Jacobian
varieties. Moreover, their canonical classes are simultaneously torsion (of the
same order), ample, or anti-ample. And yet, derived equivalence is coarse
enough to allow many interesting examples.
If Db(X) ≃ Db(Y) and the canonical line bundle ωX is either ample or anti-
ample, then X ∼= Y by a theorem of Bondal and Orlov [5]. If X and Y are
genus 1 curves over an algebraically closed field (elliptic curves after choos-
ing basepoints), it is known that Db(X) ≃ Db(Y) implies X ∼= Y. See for in-
stance [14, Corollary 5.46]. Thus, over a separably closed field, derived equiva-
lent curves are isomorphic.
We are interested in two questions in this paper: first when are two genus 1
curves derived equivalent? This is the only remaining unknown situation for
curves. Second, when are two homogeneous spaces for a fixed abelian variety
derived equivalent? It turns out that the first problem is a special case of the
second.
A closely related problem in the curve case is to understand the moduli
spaces of stable vector bundles on genus 1 curves. The underlying reason that
derived equivalent elliptic curves are isomorphic is the result of Atiyah [2],
which shows that the moduli spaces JE(r, d) of rank r and degree d stable vector
bundles on an elliptic curve E are themselves isomorphic to E. Indeed, given an
equivalence Db(F) ≃ Db(E) of two genus 1 curves over an algebraically closed
field, it is possible to show that the equivalence sends the structure sheaves of
points of F to semi-stable vector bundles on E. This realizes F as amoduli space
JE(r, d) for some r and d. Pumplu¨n [22] made some extensions of Atiyah’s
result in the case of a genus 1 curve without a point, but did not obtain a full
classification. In particular, it has remained open whether or not every moduli
space JX(r, d) of vector bundles on a genus 1 curve is isomorphic to X.
We show in this paper that there are non-isomorphic derived equivalent
genus 1 curves, and that they lead to examples of non-isomorphic moduli
spaces of stable vector bundles.
Theorem 1.1. Let k be a field, and let X and Y be two smooth projective genus 1 curves
over k. Suppose that Db(X) ≃ Db(Y) as k-linear triangulated categories. Then, X
and Y have the same Jacobian. If X and Y are principal homogeneous spaces for an
elliptic curve E, then Db(X) ≃ Db(Y) if and only if there exists an automorphism φ
of E such that X = φ∗dY in H
1(k, E) for some d prime to the order of Y.
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Here and in the rest of the paper, Hi(k,−) denotes the e´tale cohomology
group (or pointed set) Hie´t(Spec k,−).
Corollary 1.2. There exist non-isomorphic derived equivalent genus 1 curves.
In contrast to work of Atiyah [2] when X has a k-point, we find the follow-
ing corollary in the course of our proof.
Corollary 1.3. There exists a genus 1 curve X and coprime integers r 6= 0 and d 6= 0
such that JX(r, d) and X are not isomorphic.
Our results on derived equivalences of principal homogeneous spaces in
higher dimensions rely on the twisted Brauer space, a tool for studying e´tale
twisted forms of derived categories introduced by the first named author in [1].
We give less complete results in higher dimensions, establishing a necessary
condition for two principal homogeneous spaces for an abelian variety to be
derived equivalent. As the conclusion in the general case is somewhat compli-
cated, we extract one particular case to highlight here.
Theorem 1.4. Suppose that X and Y are principal homogeneous spaces for an abelian
variety A over a field k such that End(Aks) ∼= Z and NS(Aks) is the constant Ga-
lois module Z. Then, if Db(X) ≃ Db(Y), X and Y generate the same subgroup
of H1(k, A). Conversely, if X and Y generate the same subgroup, then Db(X) ≃
Db(Y, β) for some β ∈ Br(k).
The theorem allows one to study derived equivalences of abelian fibrations,
and we do so in the elliptic case, to give a partial answer to a question of
Ca˘lda˘raru.
Theorem 1.5. Suppose that p : J → S is a smooth Jacobian elliptic fibration, where
S is a connected regular noetherian scheme with characteristic 0 field of fractions, and
suppose that the geometric generic fiber Jη is geometrically not CM. If there is an
equivalence F : Db(J, α) ≃ Db(J, β) compatible with p for some α, β ∈ Br(J), then α
and β generate the same cyclic subgroup of Br(J)/Br(S).
Our work here is in addition closely related to the work of Bridgeland [7]
and Bridgeland-Maciocia [8,9] on derived equivalences of surfaces. In the case
where S in the theorem is a smooth curve over the complex numbers, our the-
orem easily gives the converse of [7, Theorem 1.2], since Br(S) = 0 in this
case. This converse also occurs in [8, Section 4]. In particular, they show that
derived equivalences Db(X) ≃ Db(Y) of smooth projective elliptic surfaces of
non-zero Kodaira dimension are all compatible with appropriate elliptic struc-
tures p : X → S and q : Y → S.
Here is a brief description of the contents of our paper. Our results on genus
1 curves are proved in Section 2. In Section 3, we give background on dg cate-
gories, needed for the twisted Brauer space. The twisted Brauer space is intro-
duced in Section 4, and it is used in Section 5 to give restrictions on when two
principal homogeneous spaces can be derived equivalent. An example of an
application to elliptic fibrations is in Section 6.
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This paper originated at the AIM workshop Brauer groups and obstruction
problems: moduli spaces and arithmetic in February 2013. We thank AIM for
its hospitality and for providing a stimulating environment as well as Max
Lieblich and Olivier Wittenberg for informative conversations.
2 Derived equivalences of genus 1 curves
We describe when two genus 1 curves are derived equivalent.
2.1 Elliptic Curves
Fix a field k. An elliptic curve E is defined to be a smooth geometrically con-
nected genus 1 curve over k with a distinguished rational point e : Spec k →
E. The derived category Db(E) is the bounded derived category of coherent
sheaves on E.
By the theorem of Bondal and Orlov, [14, Theorem 5.14], any derived equiv-
alenceDb(X)→ Db(Y) (always triangulated and k-linear) between two smooth
projective varieties is isomorphic to the Fourier-Mukai transform Φ = ΦP as-
sociated to a complex P in Db(X×k Y). Moreover, the complex P is unique up
to quasi-isomorphism. Unless it is explicitly needed, we suppress the name of
the kernel. Given an object F of Db(X) we write Φi(F) for the ith cohomology
sheaf Hi(Φ(F)). We use the notation Ox for the skyscraper sheaf at x with
value the residue field k(x).
Lemma 2.1. Suppose that p : X → Y is a morphism of noetherian schemes and that
P is a perfect complex on X. If y ∈ Y is a closed point such thatHi(Py) = 0 for i 6= 0,
then there is a neighborhood U ⊆ Y containing y such that PU is (quasi-isomorphic
to) a coherent OU×YX-module flat over U.
Proof. Taking Z = SpecOY,y, we can apply [14, Lemma 3.31] over this local
ring (since there is only one closed point) to find that PZ is quasi-isomorphic
to a coherent sheaf flat over Z. Denote by j the map Z ×Y X → X. We have
found an equivalence j∗P → F, where F is a coherent sheaf on Z ×Y X that is
flat over Z. As j is flat, the higher derived functors of j∗ vanish, from which
it follows that j∗Hi(P) ∼= Hi(j∗P). Because P is perfect, there are only finitely
many non-zero cohomology sheaves, and j∗Hi(P) = 0 if i 6= 0. Hence, there
is a neighborhood U of y on which Hi(P) vanishes for each i 6= 0. The lemma
now follows from a second application of [14, Lemma 3.31]. 
The following theorem is well-known to the experts and appears first (in
the algebraically closed case) as far as we can tell in Bridgeland’s thesis [6]. A
proof in the case that the base field is C appears as [14, Corollary 5.46]. We
present a slightly different proof.
Theorem 2.2. If E and F are elliptic curves over a field k such that Φ : Db(E) ≃
Db(F) as k-linear triangulated categories, then there is an isomorphism of k-schemes
E ∼= F.
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Proof. Let x be a closed point of E. We observe that there is a unique value of i
such that Φi(Ox) 6= 0. Indeed, since F is an elliptic curve, the abelian category
of quasi-coherent sheaves on F is hereditary. In particular,
Φ(Ox) ∼=
⊕
i
Φ
i(Ox)
in Db(F). Since Ox is a simple sheaf, it follows that Φ(Ox) is simple and hence
that Φi(Ox) is non-zero for a unique value of i.
By the lemma, it follows that this i does not depend on x, and moreover,
Φ ≃ ΦP[i] where P is a coherent sheaf on E×k F flat over E. If the Φ
i(Ox) are
torsion-free, then they are stable vector bundles on F since they are simple vec-
tor bundles on a genus 1 curve. Define r = rk(Φi(Ox)) and d = deg(Φi(Ox)).
In this notation, the kernel realizes E as the moduli space JF(r, d) of semi-stable
vector bundles of rank r and degree d on F. The geometric points of E cor-
respond to simple semi-stable vector bundles on Fks . These are therefore sta-
ble bundles, so that r and d are relatively prime (see Bridgeland [6, Lemma
6.3.6]). The determinant map JF(r, d) → JF(1, d) is hence an isomorphism by
by [2, Theorem 7]. But, tensoring with O(d · e)where e : Spec k→ F defines an
isomorphism Jac(F) = JF(1, 0) → JF(1, d), so that E ∼= F. When the sheaves
Φi(Ox) have torsion, they are supported at points, and since they are simple
they must correspond to skyscraper sheaves of single points. Thus, the kernel
P of Φ is a translation of a line bundle on the graph of an isomorphism E ∼= F
by [14, Corollary 5.23]. 
2.2 Genus 1 Curves
The main theorem of this section is an analogue of the main result of the paper
in the case of curves. It fully settles when two curves are derived equivalent
over any base field. Before stating the theorem we can simplify the problem
using the following lemmas.
Lemma 2.3. If X and Y are genus 1 curves over a field k such that Db(X) ≃ Db(Y),
then X ∼= JY(1, d), the fine moduli space of degree d line bundles on Y.
Proof. Fix an equivalence Φ : Db(X) ≃ Db(Y). As in the proof of Theorem 2.2,
X ∼= JY(r, d) for some r and d. We may assume that r ≥ 1 or else they are
skyscraper sheaves and hence X ∼= Y by [14, Corollary 5.23]. We may also as-
sume that r and d are coprime by [6, Theorem 6.4.3]. Indeed, by base-change,
we obtain an equivalence Db(Xks) ≃ D
b(Yks) from Propositions 3.1 and 3.4.
Now, since r and d are coprime, the determinant map JY(r, d) → JY(1, d) is
geometrically an isomorphism by [2, Theorem 7]. Hence, it is an isomorphism
over k. To see that JY(1, d) is fine, note that JY(r, d) is fine because of the exis-
tence of the kernel of the equivalence Db(X) ≃ Db(Y). Taking the determinant
of the kernel one obtains the universal object on JY(1, d)×k Y. 
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Lemma 2.4. If X and Y are genus 1 curves over a field k, and if Db(X) ≃ Db(Y),
then X and Y are homogeneous spaces under the same elliptic curve. That is, Jac(X) ∼=
Jac(Y).
Proof. Realizing X as JY(1, d) for some d by the previous lemma, we can define
an action of Jac(Y) = JY(1, 0)
JY(1, 0)× JY(1, d)→ JY(1, d)
by (L,V) 7→ L⊗V. This action is defined over k, but over ks we apply the corol-
lary to [2, Theorem 7] to see that the kernel of the action is trivial. Moreover, the
action is geometrically transitive by the same corollary. It follows that Jac(Y)
acts simply transitively on X over k. But, this implies that Jac(X) ∼= Jac(Y)
by [24, Theorem X.3.8]. 
By the lemma, we can focus our attention on derived equivalences among
principal homogeneous spaces for a fixed elliptic curve E.
Theorem 2.5. If X and Y are principal homogeneous spaces for an elliptic curve E
over a field k, then Db(X) ≃ Db(Y) if and only if there exists an automorphism
φ ∈ Autk(E) and an integer d of order coprime to ord([Y]) in H
1(k, E) such that
X = φ∗dY.
We will prove the theorem after two lemmas.
Lemma 2.6. If X,Y ∈ H1(k, E) are genus 1 curves with principal homogeneous space
structures under E, then X and Y are isomorphic as k-curves if and only if they are in
the same orbit under the natural action of Autk(E) onH
1(k, E).
Note that for any elliptic curve over any field the group Autk(E) is finite
and of order dividing 24.
Proof. Suppose that µ0 : E ×k X → X and µ1 : E ×k Y → Y are the ho-
mogeneous space structures for X and Y. The action of φ on H1(k, E) sends
(Y, µ1) to (Y, µ1 ◦ (φ × idY)). The homogeneous spaces (X, µ0) and (Y, µ1 ◦
(φ × idX)) are equal in the Weil-Chaˆtelet group H
1(k, E) if and only if there
is a k-isomorphism f : X → Y such that f ◦ µ0 = µ1 ◦ (φ× idX) ◦ (idE× f ) =
µ1 ◦ (φ× f ). In particular, this says that any two principal homogeneous spaces
in the same Autk(E)-orbit have isomorphic underlying curves. Now, given a
k-isomorphism f : X → Y, define φ : E → E by µ0(p, x) = µ1(φ(p), f (x)). Fol-
lowing the reasoning in [24, Section X.3], one shows that φ is a k-automorphism
of E. Hence, X and Y are in the same Autk(E)-orbit. 
Lemma 2.7. If Y ∈ H1(k, E) is a principal homogeneous space for E, then dY is the
homogeneous space JY(1, d) of degree d line bundles on Y.
Proof. Suppose E is an elliptic curve over k, and let Gk be the Galois group of
the separable closure ks over k. Let α ∈ Z1(Gk, E(k
s)) be a cocycle representing
Y. We assume that α is constructed as follows. Pick a point p ∈ E(ks). Then,
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α(g) = g · p ⊖ p, where subtraction is via the k-linear map Y ×k Y → E. We
adopt here a convention by which we use ⊕ and ⊖ for the group operations
on E or the homogeneous space structure on Y, reserving+ and − for divisors.
Hence, if q and r are points of Y, then q⊖ r is the unique point x of E such that
x ⊕ r = q. The point p defines an isomorphism vp : Yks → Eks via q 7→ q⊖ p.
One way to view the cocycle α is that it describes the difference between the
Gk-actions on E(ks) using the natural action and using the isomorphism vp.
Indeed, given x ∈ E(ks), we can compute
vp(g · v
−1
p (x)) = vp(g · (x⊕ p)) = vp(g · x⊕ g · p) = g · x⊕ g · p⊖ p
= g · x⊕ α(g).
Now, perform the same calculation for JY(1, d). Namely, vp defines an iso-
morphism JYks (1, d) → JEks (1, d), and we can compose with an isomorphism
JEks (1, d) → Eks to find a cocycle representation of JY(1, d). Let e denote the
identity element of E(ks). Then, we view JE(1, d) as being isomorphic to JE(1, 0) ∼=
E via subtraction of the divisor de. By abuse of notation, we write vp for the
composite isomorphism JYks (1, d) → JEks (1, 0). We compute for an element
x ∈ E(ks) that
vp(g · v
−1
p (x− e)) = vp(g · ((x⊕ p) + (d− 1)p))
= vp((g · x⊕ g · p) + (d− 1)(g · p))
= (g · x⊕ g · p⊖ p) + (d− 1)(g · p⊖ p)− de
= g · x+ (g · p⊖ p)− e+ (g · p⊖ p)⊕(d−1)+ (d− 2)e− de
= g · x+ (g · p⊖ p)⊕d − 2e
= g · x⊕ (g · p⊖ p)⊕d − e,
using the definition of the group law on E(ks) and the fact that e is Gk-fixed.
The lemma follows. 
Now, we prove the main result of the section.
Proof of Theorem 2.5. Assume that Db(X) ≃ Db(Y). Then, by Lemma 2.3, as a
variety, X is isomorphic to JY(1, d) for some d, but this isomorphism might not
take into account the homogeneous space structures on each side. It follows
from Lemma 2.6 that X = φ∗ JY(1, d) for some φ ∈ Autk(E), and now from
Lemma 2.7 that X = φ∗dY. As this argument is entirely symmetric, Y = ψ∗eX
for some ψ ∈ Autk(E). Hence, the orders of Y and ψ∗φ∗edY in H
1(k, E) agree.
As the order of ψ∗φ∗edY is that of edY, we must have that ed is coprime to
ord([Y]), as desired.
Now, suppose that X = φ∗dY for some φ ∈ Autk(E) and some d prime
to ord([Y]). In order to prove that Db(X) ≃ Db(Y), using Lemma 2.6, we
see that it is enough to consider the case when φ is the identity, which is to
say, by Lemma 2.7, when X = JY(1, d). We conclude by showing that there
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is a universal sheaf on JY(1, d)×k Y, which induces an equivalence D
b(X) ≃
Db(Y).
As JY(1, d) is the moduli space of a Gm-gerbe, the obstruction class is an
element α ∈ Br(JY(1, d)) ⊆ Br(K), where K is the function field of JY(1, d). In
particular, α = 0 if and only if αη = 0, where η : SpecK → JY(1, d) is the generic
point. If d is relatively prime to ord([Y]), then Y and JY(1, d) generate the same
subgroup of H1(k, E). As JY(1, d) is in the kernel of H
1(k, E) → H1(K, EK),
it follows that Y has a K-rational point as well. But, as soon as there is a K-
rational point, JYK(1, d) is a fine moduli space. Using the rational point, there
is a factorization of Br(JY(1, d))→ Br(K) through Br(JY(1, d))→ Br(JYK(1, d)).
Hence, α = 0. 
2.3 Examples and Applications
In this section we show that in some typical situations it is still the case that
genus 1 curves are derived equivalent if and only if they are isomorphic. We
also show that when this is not the case, it provides counterexamples to an
open problem about moduli of stable vector bundles on genus 1 curves.
Example 2.8. If X and Y are derived equivalent genus 1 curves over a finite
field k = Fq, then X ∼= Y.
Proof. Lang’s theorem tells us in general that if X/k is geometrically an abelian
variety, then X(k) 6= ∅. Thus X and Y are elliptic curves over k. Now by
Theorem 2.2 we have that X ∼= Y. 
Example 2.9. If X and Y are derived equivalent genus 1 curves over R, then
X ∼= Y.
Proof. Let E = Jac(X). If X and Y are not isomorphic, then they must repre-
sent two distinct Autk(E)-orbits in H
1(R, E). Our goal is to show that H1(R, E)
is too small to allow non-isomorphic torsor classes. There are two cases cor-
responding to whether or not E has full 2-torsion defined over R. We merely
check that
∣∣H1(R, E)∣∣ ≤ 2. This suffices because the two classes cannot be
derived equivalent by Theorem 2.2.
Since Gal(C/R) ∼= Z/2, we know that H1(R, E) is killed by 2. This tells
us computing the whole group is equivalent to computing the 2-torsion part.
In the case that E has full 2-torsion defined over R, consider the Kummer se-
quence
0→ E[2]→ E
2
→ E→ 0.
This induces an exact sequence
0→ E(R)/2E(R)→ H1(R, E[2])→ H1(R, E)→ 0
The middle group consists of non-twisted homomorphisms Hom(Z/2,Z/2×
Z/2) because the 2-torsion is fully defined over R, so the Galois action is triv-
ial. Since the Weil pairing is non-degenerate and Galois invariant, we know
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that the full 4-torsion is not defined over R otherwise R× would contain four
distinct roots of unity. This means that [2] : E(R)→ E(R) is not surjective and
hence E(R)/2E(R) is non-trivial. This proves the inequality.
The other case is that E[2](R) ∼= Z/2. In this case we can explicitly write
down in terms of elements E[2] = {1, a, b, c}. Without loss of generality, we
assume aσ = a, bσ = c and cσ = bwhere σ is the non-trivial element of GR. The
condition on ρ : GR → E[2] being a twisted homomorphism forces ρ(1) = 1
and ρ(σ) = 1 or a. Thus there are only two possible cocycles. The non-trivial
one is actually also a coboundary, since ρ(σ) = bσ − b. Thus H1(R, E[2]) = 0,
which forces H1(R, E) = 0. 
Example 2.10. There exist non-isomorphic derived equivalent genus 1 curves.
Proof. Fix E/Q, a non-CM elliptic curve with j(E) 6= 0, 1728. Consider a genus
1 curve X ∈ H1(Q, E) with period 5. The cyclic subgroup generated by X has
order 5 and hence all four non-split classes are generators. Only one other of
these generators can be isomorphic as a Q-curve by Lemma 2.6. But by Theo-
rem 2.5 any non-isomorphic generator is a non-isomorphic derived equivalent
curve. 
Example 2.11. For any N > 0, there exists a genus 1 curve Y that admits at
least N distinct moduli spaces of stable vector bundles JY(r, d).
Proof. We can again fix E/Q a non-CM elliptic curve with j(E) 6= 0, 1728 and
N > 0. Choose a prime p > 3N. There exists a cyclic subgroup of H1(Q, E) of
order p. Since AutQ(E) ∼= Z/2, there are more than p/2 > N non-isomorphic
generators. By Theorem 2.5, any two of these generators, X and Y, are derived
equivalent. Thus X ∼= JY(r, d) for some r and d coprime. 
This result is a rather surprising contrast to the results of Atiyah which
says that fine moduli spaces of vector bundles on an elliptic curve are always
isomorphic to the elliptic curve. More recently, Pumplu¨n [22] even extended
some of these results to work in a more general genus 1 setting suggesting that
these types of examples might not exist.
3 Background on dg categories
In this section we give a brief introduction to dg categories. For details and
further references, consult Keller [15].
3.1 Definitions
A dg category C over a commutative ring R, also called an R-linear dg category,
consists of
1. a class of objects ob(C );
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2. for each pair of objects x and y a chain complexMap
C
(x, y) of R-modules;
3. for each triple of objects (x, y, z) a morphism of degree 0
Map
C
(y, z)⊗R MapC (x, y)→ MapC (x, z)
of chain complexes of R-modules
satisfying obvious analogues of the unit and associativity axioms of a category.
Note that the tensor product is the underived tensor product. For the sake of
concreteness, we fix the sign conventions appearing in Keller’s ICM talk [15].
When ob(C ) is a set (and not a proper class), we say that C is small. An ex-
ample is the dg category C consisting of a single point ∗ where Map
C
(∗, ∗) is
any fixed dg algebra. Let dgcatR denote the category of small dg categories
over R. A morphism in dgcatR is a dg functor, i.e., the data of a function
F : ob(C ) → ob(D) together with functorial morphisms of chain complexes
Map
C
(x, y)→Map
D
(F(x), F(y)) for all objects x, y.
The homotopy category Ho(C ) of a dg category C is the additive R-linear
category obtained by taking the same objects asC , but whereHomHo(C )(x, y) =
H0Map
C
(x, y). A quasi-equivalence of dg categories is a dg functor F : C →
D such that Map
C
(x, y) → Map
D
(F(x), F(y)) is a quasi-equivalence for all
x, y ∈ C and such that Ho(F) : Ho(C )→ Ho(D) is essentially surjective. Note
that these conditions imply that Ho(F) is an equivalence of categories.
Another construction is Z0(C ), a category with the same class of objects as
C , but in which HomZ0(C )(x, y) = Z
0Map
C
(x, y).
3.2 Big and small dg categories
The key notion in the study of dg categories is the idea of a right module over
a small dg category C . This is simply a dg functor
M : C op → Chdg(R),
where Chdg(R) is the dg category of complexes of R-modules. The right mod-
ules over C form a dg category we will call Moddg(C ). We refer to [15] for
the definition of the mapping complexes in Moddg(C ), and for the important
projective model category structure on Z0Moddg(C ).
In the special case of a dg algebra A viewed as a dg category with one
object, giving a right module M : Aop → Chdg(R) is the same as giving a chain
complex of R-modules M together with a map of dg algebras Aop → EndR(M).
That is, we recover the usual sense of right A-module.
There is a model category structure on dgcatR in which the weak equiva-
lences are the quasi-equivalences of dg categories [25]. For the purposes of this
paper, the derived category of a small R-linear dg category C is the dg category
Ddg(C ) = Moddg(cC )
◦, the full dg subcategory of cofibrant objects (with re-
spect to the projective model structure) in Moddg(cC ), where cC is a cofibrant
replacement for C in dgcatR. This is a large dg category.
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The dg categories Ddg(C ) that arise in this way are very special. Their
homotopy categories D(C ) = Ho(Ddg(C )) are triangulated categories that are
closed under arbitrary coproducts, compactly generated, and locally small. We
call any such dg category a compactly generated stable presentable R-linear dg
category. This terminology differs slightly from that used in most literature on
dg categories, and is derived instead from the language of stable ∞-categories,
as developed in [16].
Here is another way to describe D(C ). A map M → N of right modules
over C is a quasi-isomorphism if the induced map M(X) → N(X) is a quasi-
isomorphism in Chdg(R) for each object X of C . The derived category of C
is the localization of Ho(Moddg(C )) at the quasi-isomorphisms. It is in fact
equivalent to D(C ). Besides providing a dg model for D(C ), the construction
of Ddg(C ) above serves to show that this localization actually exists. Details
can be found in [15].
Note the correspondence between the small dg category C and its category
of right modules Moddg(C ). This correspondence becomes tighter if we use
pretriangulated small dg categories. Call a small dg category C pretriangu-
lated if the image of the Yoneda embedding Ho(C ) → D(C ) is stable under
shifts and extensions. A pretriangulated small dg category C is idempotent-
complete if this image is also stable under summands.
3.3 Sheaves and dg categories
If X is an R-scheme, there is an R-linear dg category QCdg(X) of complexes
of OX-modules with quasi-coherent cohomology sheaves. This dg category
has a full dg subcategory Perfdg(X) ⊆ QCdg(X) consisting of the perfect com-
plexes. These are the complexes of OX-modules that are Zariski-locally quasi-
isomorphic to bounded complexes of vector bundles. By a theorem of Bondal
and van den Bergh [4], QCdg(X) is quasi-equivalent to Ddg(Perfdg(X)).
There is an equivalence D(QCdg(X)) ≃ Dqc(X), where Dqc(X) is the usual
triangulated category of complexes of OX-modules with quasi-coherent coho-
mology sheaves. The full subcategory of D(QCdg(X)) consisting of objects
quasi-isomorphic to objects in Perfdg(X) is Perf(X), the triangulated category
of perfect complexes. If X is quasi-compact and quasi-separated, the perfect
complexes Perf(X) ⊆ Dqc(X) have a purely categorical description. Namely,
by Bondal and van den Bergh [4, Theorem 3.1.1] they are the complexes x ∈
Dqc(X) such that the functor HomDqc(X)(x,−) : Dqc(X) → ModR commutes
with coproducts.
When X is regular and noetherian, the natural inclusion of triangulated cat-
egories Perf(X)→ Db(X) is an equivalence. This is because any bounded com-
plex of coherent OX-modules has a finite-length resolution by vector bundles
Zariski-locally.
Proposition 3.1. If X and Y are quasi-compact and quasi-separated and if Dqc(X) ≃
Dqc(Y), then Perf(X) ≃ Perf(Y). If X and Y are smooth projective schemes over a
field k, then the following are equivalent:
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1. Dqc(X) ≃ Dqc(Y) as k-linear triangulated categories;
2. Db(X) ≃ Db(Y) as k-linear triangulated categories;
3. Perfdg(X) ≃ Perfdg(Y) as k-linear dg categories;
4. QCdg(X) ≃ QCdg(Y) as k-linear dg categories.
Proof. If Dqc(X) ≃ Dqc(Y), then the subcategories of compact objects coincide,
as these are preserved by any equivalence of triangulated categories. Since
these subcategories are precisely the categories of perfect complexes, we have
Perf(X) ≃ Perf(Y). If X and Y are regular and noetherian, then Dqc(X) ≃
Dqc(Y) implies Db(X) ≃ Db(Y) by the first part and by our remark in the
previous paragraph. Hence, (1) implies (2).
Suppose now that F : Db(X) → Db(Y) is an equivalence. Then, by an
important theorem of Orlov [18], there is a complex P ∈ Db(X×k Y) such that
the Fourier-Mukai functor ΦP : D
b(X) → Db(Y) agrees with F, where ΦP is
defined by
ΦP(x) = RπY,∗(P⊗
L π∗Xx),
and where πX and πY denote the projections from X ×k Y. Because we have
this nice model for F, ΦP extends to a functor Perfdg(X) → Perfdg(Y) which
is by definition a quasi-equivalence, so that (2) implies (3). That (3) implies (4)
is immediate from the description of QCdg(X) as Ddg(Perfdg(X)). Finally, that
(4) implies (1) follows by taking homotopy categories. 
Remark 3.2. Because of the second statement of the proposition, we work ev-
erywhere with Dqc(X) and its dg enhancement QCdg(X) in the rest of this
paper.
Remark 3.3. The converse to the first statement would hold if we required
a possibly stronger condition, namely that the dg enhancements Perfdg(X)
and Perfdg(Y) are quasi-equivalent. Indeed, QCdg(X) can be constructed from
Perfdg(X) as we have remarked above.
3.4 Base change
If C is a small R-linear dg category and S is a commutative R-algebra, we
denote by CS the S-linear dg category with the same objects as C , but where
Map
CS
(x, y) = Map
C
(x, y)⊗R S
for x, y ∈ ob(C ).
If Qdg = Ddg(C ), we define Qdg,S = Ddg(CS). If C is a small idempotent-
complete pretriangulated dg category, we define CS as the full subcategory of
compact objects in Qdg,S. Note that in this case we have now overloaded the
definition of the base change of a small idempotent-complete pretriangulated
dg category. We will however always mean the latter when C is of this form.
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We choose this definition so that the result is also pretriangulated and idem-
potent complete, and so that the following examples hold. If A is an R-algebra,
then Ddg(A)S ≃ Ddg(A⊗
L
R S). If either X is a flat R-scheme or S is a flat com-
mutative R-algebra, then QCdg(X)S ≃ QCdg(XS), and Perfdg(X)S = Perfdg(XS).
3.5 Stacks of dg categories
Later in the paper, we will need to use stacks of dg categories. We take the
perspective of [26, Section 3], and explain briefly what we mean here.
A stack of stable presentable dg categories Qdg on a scheme X in some
topology τ is an assignment of a stable presentable dg category (what Toe¨n
calls locally presentable)
Qdg(SpecS)
for each map Spec S → X, together with the assignment of pullback maps
f ∗ : Qdg(SpecS) → Qdg(SpecT) that preserve homotopy colimits for each
map f : SpecT → Spec S of affine X-schemes. One needs to fix moreover
the various data that encode the composition functions and so on. Finally, one
requires that whenever S → T• is a hypercover in the τ-topology, the natural
map
Qdg(Spec S)→ holim∆Qdg(SpecT
•)
is a quasi-equivalence. This homotopy limit is taken in an appropriate model
category or ∞-category of big R-linear dg categories. See Toe¨n [26, Section 3]
for details and references.
There are a few remarks about how we will use these that need to be made.
First of all, define a stable presentable R-linear dg category with descent to
be a stable presentable R-linear category Qdg such that if R → S is a map of
commutative rings, and if S→ T• is a τ-hypercover, then the natural map
Qdg,S → holim∆Qdg,T•
is a quasi-equivalence. If X = SpecR is itself affine, then giving a stack of stable
presentable dg categories Qdg is equivalent to giving the stable presentable R-
linear dg category with descent Qdg = Qdg(SpecR).
Second, any dg category Ddg(C ), where C is a small R-linear dg category,
is a stable presentable R-linear dg category with fpqc descent. This important
fact follows from [26, Corollary 3.8].
Third, as a consequence, if X is a quasi-compact and quasi-separated R-
scheme, the dg category QCdg(X) is a stable presentable R-linear dg category
with descent. Indeed, in this case, QCdg(X) = Ddg(Perfdg(X)) by [4]. It fol-
lows that if X → B is a flat quasi-compact and quasi-separated morphism of
schemes, then the functor QC X on B, which assigns to any Spec S → B the
S-linear dg category QC Xdg(SpecS) = QCdg(XS) is an fpqc stack of stable pre-
sentable dg categories on B.
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Fourth, by restricting the class of affines we test on, given a stack Qdg of
stable presentable R-linear categories on X and a map f : Y → X, we can
obtain a stack f ∗Qdg on X.
Fifth, there is an obvious notion of an equivalence of stacks Qdg ≃ Pdg,
which results by specifying equivalences Qdg(Spec S)→˜Pdg(Spec S), specify-
ing compatibilities with the pullback functors in each stack, and specifying
various higher homotopy coherences. Of particular importance is that if X and
Y are R-schemes at least one of which is flat over R, then any complex P in
Dqc(X ×R Y) gives rise to a Fourier-Mukai functor ΦP : QC
X → QC Y by the
usual formula.
Proposition 3.4. Let Φ : QCdg(X) → QCdg(Y) be a morphism of dg categories
over k such that Φks : QCdg(Xks) → QCdg(Yks) is an equivalence. Then, Φ is an
equivalence.
Proof. This follows from the fact that the assignment l 7→ QCdg(Xl) is actually
an fpqc stack of stable presentable dg categories on Spec k by Toe¨n [26, Propo-
sition 3.7]. In particular, there is a commutative diagram
QCdg(X) //
Φ

holim∆QCdg(X(ks)⊗n)
Φ(ks)⊗n

QCdg(Y) // holim∆QCdg(Y(ks)⊗n)
in which the horizontal arrows are equivalences, and where the tensor prod-
ucts (ks)⊗n are taken over k. By base change, the right-hand vertical arrow is
also an equivalence by our hypothesis. It follows that Φ is an equivalence. 
4 The twisted Brauer space
This paper can be seen as a contribution to the arithmetic theory of derived cat-
egories. To begin this study, one must understand how to twist a given derived
category. This problem was posed in [1], where the twisted Brauer space was
introduced as a computational tool for classifying twists1. As motivation, con-
sider the following fact due to Toe¨n [26]: the Brauer group Br(k) of a field classi-
fies the stable presentable k-linear categories with descent Qdg such that there is
a finite separable field extension k→ l where Qdg,l ≃ Ddg(l) ≃ QCdg(Spec l).
More generally, over a quasi-compact and quasi-separated scheme X, stacks
of locally presentable dg categories on X that are e´tale locally equivalent to
the canonical stack QCdg are classified up to equivalence of stacks by the de-
rived Brauer group H1e´t(X,Z)×H
2
e´t(X,Gm). Note that we use the entire group
1In [1], stable ∞-categories were used instead of dg categories. No changes are needed to carry
out the same arguments in the dg setting.
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H2e´t(X,Gm). If X is normal, then H
1
e´t(X,Z) = 0. If X is regular and noethe-
rian, then in addition H2e´t(X,Gm)tors = H
2
e´t(X,Gm), so that the derived Brauer
group of X coincides with the cohomological Brauer group in this case.
LetY → X be a flat quasi-compact and quasi-separatedmorphism of schemes,
and let QC Ydg be the associated stack of stable presentable dg categories on X,
as described in Section 3.5, which we view as an e´tale stack on X. Another e´tale
stack Qdg of locally presentable dg categories over X is e´tale locally equivalent
toQC Ydg if there is an e´tale cover p : Spec S→ X such that p
∗Qdg ≃ p
∗QC
Y
dg as
S-linear dg categories. Equivalently, we should have Qdg(Spec S) ≃ Ddg(YS).
Definition 4.1. Let f : Y → X be a flat map of schemes. Define BrY(X) to be the
set of e´tale stacks of locally presentable dg categories on X that are e´tale locally
equivalent to QC Ydg modulo equivalence of stacks over X. We view Br
Y(X) as
a pointed set, with the point being the equivalence class defined by QC Ydg.
Example 4.2 ([1]). Suppose that C is the genus 0 curve defined by the equation
x2 + y2 + z2 = 0 in P2R. Then, C(R) = ∅, and C is not rational. In particular,
Dqc(C) is not equivalent to Dqc(P1R). However, after extension to the complex
numbers, we do have Dqc(CC) ≃ Dqc(P
1
C
). Hence, QC Cdg defines a non-trivial
element BrP
1
(R).
This pointed set was defined and realized as the set of connected compo-
nents π0Br
Y(X) in [1], where BrY(X) is a certain topological space. In fact, this
space is itself the space of global sections of an e´tale hypersheaf of spaces on the
big e´tale site of X. This observation is useful for actually computing BrY(X).
As discussed in [1, Section 3.2], there is a fibre sequence of sheaves of spaces
on X
K(HH0(Y)×, 2)→ BrY → K(AutQCdg(Y), 1),
where K(A, n) denotes the Eilenberg-MacLane sheaf of spaces for the sheaf A,
HH0(Y)× denotes the sheaf of units in the degree 0 Hochschild cohomology
ring ofY, andAutQCdg(Y) is the sheaf of autoequivalences of the stackQC
Y
dg on
X. Since HH0(Y)× is a sheaf of abelian groups, when the action of AutQCdg(Y)
on HH0(Y)× is trivial the sequence can be delooped, and we can identify BrY
with the fiber in
BrY → K(AutQCdg(Y), 1)→ K(HH
0(Y)×, 3).
Recall that if K(A, n) is an Eilenberg-MacLane sheaf, then
πiΓ(X,K(A, n)) ∼= H
n−i(X, A)
for 0 ≤ i ≤ n and 0 otherwise. Suppose now that Y is smooth, proper, and ge-
ometrically connected over X. Then, HH0(Y)× ∼= Gm,X . By taking sections of
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the fiber sequence above, and then taking the long exact sequence in homotopy,
we obtain the exact sequence
0→ Gm,X(X)→ π2Br
Y(X)→ 0
→ H1e´t(X,Gm,X)→ π1Br
Y(X)→ AutQCdg(Y)(X)→ H
2
e´t(X,Gm,X)
→ π0Br
Y(X)→ H1e´t(X,AutQCdg(Y))→ H
3
e´t(X,Gm,X).
Exactness is a slightly touchymatter here, as the last line is an exact sequence of
pointed sets. It means that there is an action of H2e´t(X,Gm,X) on π0Br
Y(X) and
the fibers of π0Br
Y(X) → H1e´t(X,AutQCdg(Y)) are precisely the orbits. Exact-
ness at H1e´t(X,AutQCdg(Y)) says only that the fiber of the map to H
3
e´t(X,Gm,X)
over 0 is the image of π0Br
Y(X).
The action of H2e´t(X,Gm) on π0Br
Y(X) can be described as follows. Given
α ∈ H2e´t(X,Gm) and Qdg ∈ π0Br
Y(X), we simply form the tensor product
QC
α
dg ⊗Qdg, where QC
α
dg is the stack that assigns to Spec S → X the dg cate-
gory QCdg(Spec S, α), the dg category of complexes of α-twisted OX-modules
with quasi-coherent α-twisted cohomology sheaves. The basic example isQC αdg⊗
QC
X
dg ≃ QC
(X,α), the stack whose sections over Spec S→ X is the dg category
QCdg(XS, α). Since α and C are both e´tale locally trivial, so is their tensor prod-
uct.
5 Derived equivalences of principal homogeneous
spaces
Orlov [19] and Polishchuk [20] have demonstrated that the group U(A×k Aˆ) of
isometric automorphisms of A×k Aˆ plays a central role in the study of derived
autoequivalences of Db(A). Recall that U(A ×k Aˆ) is the group of automor-
phisms
σ =
(
x y
z w
)
of the abelian k-variety A×k Aˆ such that
σ−1 =
(
wˆ −yˆ
−zˆ xˆ
)
,
where x is a homomorphism A → A, y is a homomorphism Aˆ → A, and so
forth.
Orlov [19] showed that there is a representation of AutDb(A) on U(A ×k
Aˆ) with kernel precisely the subgroup Z × (A×k Aˆ)(k). Moreover, when k is
algebraically closed, the mapAutDb(A) → U(A×k Aˆ) is surjective. This follows
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fromOrlov [19] when k has characteristic 0, and from Polishchuk [20, Theorem
15.5] in general.
Note that AutDb(A) is isomorphic to AutQCdg(A). Indeed, by Orlov’s repre-
sentability theorem, every derived automorphism of Db(A) has a kernel and
hence lifts to an automorphism of Perfdg(A). But, this then extends to an au-
toequivalence of QCdg(A). The inverse map is given by observing that any
autoequivalence of QCdg(A)must preserve compact objects.
Returning to the case where k is an arbitrary field, from the work of Orlov,
we have an exact sequence
0→ Z× A×k Aˆ→ AutQCdg(A) → U
A
of sheaves of groups over Spec k, where UA denotes the sheaf with UA(l) =
U((A×k Aˆ)l) for an extension l/k. Since the right-hand map is surjective on
algebraically closed fields, it follows that when k is perfect, the map is a surjec-
tive map of sheaves. In any case, let VA denote the image as an e´tale sheaf. So,
VA is a subsheaf of UA, and its sections over a field l is some subgroup of the
group of unitary automorphisms of (A×k Aˆ)l . We have an exact sequence
0→ Z× A×k Aˆ → AutQCdg(A) → V
A → 1 (1)
of e´tale sheaves of groups on Spec k.
Recall from [23, Section I.5.5] that in this setting there is an action ofVA(l) ⊆
U((A×k Aˆ)l) on H
1
e´t(l, A×k Aˆ), which we will denote by σ ⋄
(
X
Y
)
, when σ is
a unitary isomorphism defined over l, X is a principal homogeneous space for
Al , and Y is a principal homogeneous space for Aˆl . Note that U((A×k Aˆ)l)
also acts in an obvious way on H1e´t(l, A×k Aˆ), via automorphisms of the coef-
ficients. We will denote this action by σ ·
(
X
Y
)
. These two actions coincide if
and only if the boundary map
δ : VA(l)→ H1e´t(l, A×k Aˆ)
vanishes by [23, Proposition 40].
The following theorem and its corollaries give the main application of the
theory of twisted Brauer spaces in our paper.
Theorem 5.1. Let A be an abelian variety over a field k. Suppose that X and Y are
principal homogeneous spaces for A. IfDb(X) ≃ Db(Y), then there exists an isometric
automorphism σ of A×k Aˆ such that
σ ⋄
(
X
Aˆ
)
=
(
Y
Aˆ
)
inH1(k, A×k Aˆ). Conversely, if k is perfect and if such an automorphism exists, then
Db(X) ≃ Db(Y, β) for some β ∈ Br(k).
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Proof. Combining the exact sequence computing BrA(k) and themedium-length
exact sequence in nonabelian cohomology for the extension (1), we obtain the
commutative diagram
H0(k,AutQCdg(A))

H0(k,VA)
δ

H1(k, A)
j

// H1(k, A×k Aˆ)
i

Br(k) // BrA(k) // H1(k,AutQCdg(A))

// H3(k,Gm)
H1(k,VA)
where the row and column are exact, and where j sends a homogeneous space
X for A to the stack QC Xdg. The fibers of the map i are precisely the orbits for
the ⋄-action of VA(k) on H1e´t(k, A×k Aˆ) by [23, Proposition 39].
Suppose that Db(X) ≃ Db(Y). Then, QCdg(X) ≃ QCdg(Y) by Proposi-
tion 3.1. Since j(X) = j(Y), we see that X and Y are in the same VA(k)-orbit in
H1(k, A×k Aˆ). This proves the first part of the theorem.
If k is perfect, then the discussion before the theorem says that VA = UA.
Hence, if there exists σ ∈ UA(k) = U(A×k Aˆ) such that
σ ⋄
(
X
Aˆ
)
=
(
Y
Aˆ
)
,
then the images of X and Y in H1e´t(k,AutQCdg(A)) coincide. It follows thatQC
X
and QC Y are in the same Br(k)-orbit in BrA(k), which proves the second part
of the theorem. 
The theorem reduces entirely the problem of finding derived equivalences
of principal homogeneous spaces for A to that of understanding the ⋄-action.
In many interesting cases, this can be accomplished by appealing to the special
geometry of A. We include two examples.
Corollary 5.2. Let A be an abelian variety over a field k of characteristic 0 such that
End(Aks) = Z and such that the inclusion NS(A) ⊆ NS(Aks) = Z is an equality.
These conditions are satisfied by generic polarized abelian varieties. Suppose that X
and Y are principal homogeneous spaces for A. If Db(X) ≃ Db(Y), then aX = Y in
H1(k, A) for some integer a coprime to the order of X.
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Proof. Since we work in characteristic 0, VA = UA. Moreover, as explained
in [19, Example 4.16], UA(ks) = Γ0(N) ⊆ SL2(Z) for some integer N, where
Γ0(N) is the congruence subgroup ofmatrices
(
a b
c d
)
such that c ≡ 0 (modN).
Our assumption that the Neron-Severi group of Aks is defined over k implies
that UA(k) = Γ0(N) as well, and that AutQCdg(A)(l) → U
A(l) is surjective
for all finite extensions l/k. See for example the discussion in [14, Section 9.5].
Hence, the boundary map δ vanishes in diagram in the proof of Theorem 5.1.
By our discussion preceding the theorem, the vanishing of δ implies that
the ⋄-action of Γ0(N) ⊆ SL2(Z) on H
1
e´t(k, A ×k Aˆ) is the same as the action
induced by Γ0(N) acting on the coefficient group.
It follows that there exists a matrix
(
a b
c d
)
∈ Γ0(N) ⊆ SL2(Z) such that
(
a b
c d
)
·
(
X
Aˆ
)
=
(
aX
cφ∗X
)
=
(
Y
Aˆ
)
,
where φ is the polarization of A. Thus, Y is in the subgroup of H1(k, A) gener-
ated by X. Since the argument is symmetric, it follows that X and Y generate
the same subgroup. The theorem follows. 
Corollary 5.3. Let A = En be the n-fold product of a geometrically non-CM elliptic
curve E over a field k of characteristic 0. Suppose that X and Y are principal homoge-
neous spaces for A. If Db(X) ≃ Db(Y), then there is an integral symplectic matrix
φ ∈ Sp2n(Z) such that
φ ·
(
X
Aˆ
)
=
(
Y
Aˆ
)
in H1(k, A× Aˆ).
Proof. The corollary follows as above from the fact that VA = UA and that
UA(k) = UA(ks) = Sp2n(Z). See [19, Example 4.15]. 
6 Derived equivalences of elliptic schemes
By an elliptic fibration, we mean a flat projective morphism p : X → S onto an
integral scheme S such that the generic fiber Xη is a smooth genus 1 curve. If p
has a section, we say that it is a Jacobian elliptic fibration.
Let p : J → S be a Jacobian elliptic fibration defined over the complex
numbers with smooth base S. Then, there is a small resolution in the analytic
category, resulting in a smooth complex analytic manifold J → J. In [10, 6.4],
Ca˘lda˘raru asks when Db(J, α) ≃ Db(J, β) for two Brauer classes α and β in
Br(J). He found that if J → S is a so-called generic elliptic 3-fold, and if β = aα,
where a is coprime to the order of α, then such an equivalence does exist. The
definition of a generic elliptic 3-fold is not important for us, as we will work in
far greater generality, and we give a partial answer to Ca˘lda˘raru’s question.
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Definition 6.1. Let p : J → S be a Jacobian elliptic fibration. We say that a
triangulated equivalence F : Perf(J, α) ≃ Perf(J, β) is compatible with p if F is
isomorphic to ΦP for some P ∈ Perf(J ×S J, α
−1
⊠ β).
Work of Canonaco and Stellari [11] shows that if J is smooth and projec-
tive over a field, then every such triangulated equivalence F is represented by
a kernel P ∈ Db(J ×k J, α
−1
⊠ β). The more important criterion is that P be
supported scheme-theoretically on the closed subscheme J ×S J ⊆ J ×k J.
Ca˘lda˘raru’s proof that Db(J, α) ≃ Db(J, β) as above shows that in fact the
equivalence is compatible with the morphism p. The equivalence is defined by
a Fourier-Mukai transform defined by a specific sheaf, in this case a universal
sheaf for some moduli problem. Since the moduli problem is relative to S, it
is automatic that it is supported not just on J ×C J but scheme-theoretically on
J ×S J. The importance of this notion is encoded in the following proposition.
Proposition 6.2. Suppose that F : Perf(J, α) ≃ Perf(J, β) is compatible with p,
say equal to ΦP for some P ∈ Perf(J ×S J, α
−1
⊠ β). Then, for any map of schemes
T → S, P restricts to a complex PT ∈ Perf(JT ×T JT, α
−1
⊠ β) such that the induced
map
ΦPT : Perf(JT, α)→ Perf(JT, β).
is an equivalence.
Proof. By [3, Theorem 1.2(2)], the hypothesis guarantees in fact that F is the
global section over S of an equivalence of stacks QC
( J,α)
dg ≃ QC
( J,β)
dg . The claim
follows from this. 
Theorem 6.3. Suppose that p : J → S is a smooth Jacobian elliptic fibration, where
S is a connected regular noetherian scheme with characteristic 0 field of fractions, and
suppose that the geometric generic fiber Jη is geometrically not CM. If there is an
equivalence F : Db(J, α) ≃ Db(J, β) compatible with p for some α, β ∈ Br(J), then α
and β generate the same cyclic subgroup of Br(J)/Br(S).
Proof. Under these conditions, there is an inclusion Br(J) → Br(Jη). By our
hypotheses and the proposition, F restricts to an equivalence Fη : D
b(Jη, α) ≃
Db(Jη, β). The scheme Jη is an elliptic curve over η = Spec k, where k is the
field of fractions of S. There is an exact sequence
0→ Br(k)→ Br(Jη)→ H
1(k, Jη)→ 0
since Jη has a rational point. Moreover, this sequence is split for the same
reason. So, we can write every class of Br(Jη) as (X, γ) for X in H
1(k, Jη) and
γ ∈ Br(k). Let α = (X, γ), and β = (Y, ǫ). Now, consider the commutative
diagram
Br(k) //

Br(Jη)

Br(k) // BrJη (k) // H1(k,AutQCdg( Jη)),
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where the vertical map Br(Jη) → Br
Jη(k) sends a class (X, γ) to Db(X, γ). The
action of σ ∈ Br(k) on (X, γ) is simply σ · (X, γ) = (X, γ+ σ). It follows that
the image of (X, γ) in H1(k,AutQCdg(Jη)) is the same as (X, 0). In particular,
(X, 0) and (Y, 0) have the same image. Now, the exact same argument as in the
proof of Theorem 5.1 shows that aX = Y in H1(k, Jη) for some integer a prime
to the order of X. Now, aα = (aX, aγ) = (Y, ǫ+ (aγ − ǫ)) = β+ (0, aγ− ǫ).
As aα and β are Brauer classes that are unramified over J, it follows that aγ− ǫ
is too. But, this means that aγ− ǫ ∈ Br(S). Since the argument is symmetric,
this completes the proof. 
Remark 6.4. The situation in [10] is more special in that the assumption is that
the classes α and β are of the form (X, 0) and (Y, 0) in the notation of the proof.
For these classes, the same proof yields the stronger statement that aα = β for
some a coprime to the order of α.
Remark 6.5. If the fibration is not smooth, but the rest of the hypotheses remain
the same, then the same argument, using the compatibility of F with p, shows
that α and β generate the same subgroup of Br(J−D)/Br(S−∆), where ∆ ⊆ S
is the (reduced) subscheme of points where p is not smooth and D = ∆×S J. In
the situation where α = (X, 0) and β = (Y, 0), we get that aα = β in Br(J − D)
for a coprime to the order of α. But, since α, β ∈ Br(J) ⊆ Br(J − D), this is
already true in Br(J).
Remark 6.6. One can also consider the special case of α = (X, γ) and β =
(X, 0). In this case, we are asking about derived equivalences Db(X, γ) ≃
Db(X) for γ ∈ Br(S). When S = Spec k, Han [13] and Ciperiani-Krashen [12]
have shown that the map Br(S) → Br(X) need not be injective. The elements
γ in the kernel of this map, the relative Brauer group Br(X/S), obviously give
examples. In [1, Conjecture 2.13], it is suggested that these are the only exam-
ples.
The admittedly strong hypotheses of the theorem are satisfied in the exam-
ples in [10] and also for example in Bridgeland andMaciocia’s treatment [8, Sec-
tion 4] of derived equivalences of elliptic surfaces of non-zero Kodaira dimen-
sion.
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